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Representing pose by spherical functions for pose estimation
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Abstract We propose a novel representation of pose in 3 degrees-of-freedom (DOF) for view-based pose esti-
mation. First we show that a conventional representation of pose in 1 DOF is a Fourier basis, and extend the
observation to 2 DOF with spherical harmonics. Then we represent 3 DOF pose with spherical functions that are
continuous on SO(3), and give transformations from the spherical functions representation to a quaternion and a
rotation matrix.
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1 θ1 ∈ [0, 2pi)
(θ1 = 0)
1 S1 1 θ1
2 2 θ1, θ2
(θ1 = θ2 = 0) 2
S2 2 3
3 3 x, y, z
θx, θy, θz
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[2] 3 3× 3 R
I
SO(3) 4 3 SO(3)
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1 S1 = {p ∈ R2 | ||p|| = 1} 1
2 S2 = {p ∈ R3 | ||p|| = 1} 2
3 2 3 1
2
4 O(3) = {R ∈ R3×3 | RRT = RTR = I} 3










[3], [4], [9], [11] [13]
1 xj ∈ RN
θ1j ∈ [0, 2pi) 1
pj = (cos θ1j , sin θ1j)
T ∈ R2
(p1,p2, . . . ,pn) = F (x1,x2, . . . ,xn) (1)
F ∈ R2×N





















p = Fx = b1Fx1 + b2Fx2 + · · ·+ bnFxn (4)
∼= b1p1 + b2p2 + · · ·+ bnpn (5)
p pj
θ1




















cos θ1 sin θ1
C∞ C∞(S1)
Y`1 = e
−`1θ1i, `1 ∈ Z, i =
√−1 (6)








ical harmonics) [16] [18] 5
(θ1, θ2) θ1 ∈ [0, pi),







−`2θ2i, `1, `2 ∈ Z (7)































Y = (Y1,0, Y1,1, Y1,−1)T ∈ C∞(S2)3
2
p = (θ1, θ2)
T θ1















[22] CG [2], [23], [24]






Sn C∞ Y`1,...,`n [28]
n = 1





















[28] (2`1 = 2)
9
Y2,0,0 = 1 + 2 cos 2θ1 (13)
Y2,1,0 =
√
24 sin θ1 cos θ1 cos θ2 (14)
Y2,1,±1 = −2
√




2 sin2 θ1(3 cos
2 θ2 − 1) (16)
Y2,2,±1 = −2
√




3 sin2 θ1 sin
2 θ2e
∓2θ3i (18)
Y0 = 4cos θ1
2 − 1 (19)
Y1 = cos θ1 sin θ1 cos θ2 (20)
Y2 = cos θ1 sin θ1 sin θ2 cos θ3 (21)
Y3 = cos θ1 sin θ1 sin θ2 sin θ3 (22)
Y4 = sin
2 θ1(3 cos
2 θ2 − 1) (23)
Y5 = sin
2 θ1 cos θ2 sin θ2 cos θ3 (24)
Y6 = sin




2 θ3 − sin2 θ3) (26)
Y8 = sin
2 θ1sin
2 θ2 cos θ3 sin θ3 (27)
9 Y = (Y0, Y1, . . . , Y8)
T ∈ C∞(SO(3))9




S3 q = (q1, q2, q3, q4)
T
q = ( cos θ1, sin θ1 cos θ2




Y = (4q21 − 1, q1q2, q1q3, q1q4, 3q22 − 1 + q21 ,
q2q3, q2q4, q
2


































Rq = q21 + q22 − q23 − q24 2q2q3 − 2q1q4 2q2q4 + 2q1q32q2q3 + 2q1q4 q21 − q22 + q23 − q24 2q3q4 − 2q1q2


















G. Peters [30] “Dwarf”
3(a)
φx = 0 ∼ 360[deg] 100
φy = 0 ∼ 90[deg] 25
3.6[deg] 2500 x0
φx = φy = 0[deg]
5. 2
3(b)




n = (n1, n2, n3)
T θ 3
[2]








j /2) + sin(φ
x
j /2)(i+ 0j+ 0k) (34)
qyj = cos(φ
y
j /2) + sin(φ
y














φx = 0, 36, 72, . . . , 324 [deg] 10




0, 3.6, 7.2, . . . [deg] 100





Y = (Y 1,Y 2, . . . ,Y n), X = (x1,x2, . . . ,xn) (38)
Y = FX F X
X+ F = Y X+ = Y (XTX)−1XT
x Yˆ Yˆ = Fx
5. 5
xj 3
• Y j ∈ R9 Yˆ RYˆ
• qj qj ∈ R4 qˆ
q¯ = qˆ||qˆ|| Rq¯







1Rq¯ Rqˆ R¯ Rˆ RYˆ
RMSE 1.1514 1.0460 0.7414 0.7032 0.7032
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m! (n− 2m)! (2x)
n−2m (A·1)
Γ Γ(n+1) = n! (n ∈ N)
Gegenbauer Cν,mn [28]










n (x) = P
m




0 <= θ1, . . . , θn−1 <= pi, 0 <= θn < 2pi `1, . . . , `n ∈ Z,
`1 >= `2 >= · · · >= `n−1 >= |`n|

















(n− k), 1 <= k <= n− 1 (A·5)
b`1 = 1 (A·6)
b`1,...,`n =




(`k − `k+1)! (`k + νk)
(2νk − 1 + `k + `k+1)!
}
·
(`n−1 − |`n|)! (2`n−1 + 1)
2(`n−1 + |`n|)! (A·7)
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3. SO(3)
3 P3R 3 S3 q ∈ S3
−q ∈ S3 [28], [29]
C∞(P3R) ⊂ C∞(S3) {Y`1,`2,`3 ; `1 ∈ 2Z, `2, `3 ∈
Z, `1 >= `2 >= |`3|} L2(P3R) [28]
SO(3) P3R
[29] L2(SO(3))
0 <= θ1 <=
pi
2
SO(3) `1 ∈ Z















n (x) = P
m
n (x) (12)
Matheny Goldgof [34, App. A.4] 2 Chebyshev
















A Frobenius || · ||F






||A−R||F − λ1(rT1 r1 − 1)− λ2(rT2 r2 − 1)
− λ3(rT3 r3 − 1)− λ4rT1 r2 − λ5rT1 r3 − λ6rT2 r3
(A·9)
A A = V ΣUT R = V UT
[35, App. C]
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